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Abstract




where Rn=Rk ×Rn−k, n> k2 and a point x ∈ Rn is denoted as x= (y, z) ∈ Rk ×Rn−k . As
a consequence we obtain the best constant and extremals of a related Hardy–Sobolev inequality.
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where Rn = Rk × Rn−k, k2, n3 and a point x ∈ Rn is denoted as x = (y, z) ∈
Rk × Rn−k .
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This is the limiting problem of a certain noncompact p.d.e. in Rn, which, in case
n = 3, comes from an astrophysics model (see [3]). In [3], it was proved that (1.1) is
the Euler equation associated to some Hardy–Sobolev inequality.
1.1. Hardy–Sobolev inequalities [3]
Let n3, 2kn, Rn = Rk × Rn−k, x = (y, z) ∈ Rk × Rn−k .
Let 0s < 2, and 2∗(s) := 2(n−s)
n−2 .











|∇u|2 ∀ u ∈ D1,2(Rn). (1.2)
Furthermore, the best constant in (1.2) is achieved.
If s = 2, (1.2) still holds true (see [3, Remark 2.3]) if 2 < kn, thus providing an
extension of the classical Hardy inequality (which is known not to possess extremal
functions).
The limiting case s = 0 corresponds to the classical Sobolev inequality. It has been
exhaustively studied by Aubin [1] and Talenti [20] who computed exactly the best
constant








and proved existence of extremal functions, exhibiting them explicitly.
In the more general case 0s < 2 (but k = n ) the best constant has been computed
in [9] and extremal functions have been identiﬁed by Lieb [15]: they are given, up to
dilations and translations by
U(x) = 1
(1 + |x|2−s) n−22−s
.
More general inequalities of type (1.2), still in case k = n, have been considered by
Caffarelli–Kohn–Nirenberg [5]:










|x|−2a|∇u|2 ∀ u ∈ C∞0 (Rn).
Also here, positive solutions of the associated Euler equation (on a properly weighted
Sobolev space) turn out to be radially symmetric (see [7]) and they can be explicitly
computed just solving an ODE (see [6]). They turn out to be of the same form as in
the case a = 0.
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When k < n, extremals cannot be anymore radially symmetric and they cannot be
searched among solutions of an ODE. Cylindrical symmetry of minimizers has been
proved in [16], by symmetrizations arguments applied to a related Hardy–Littlewood–
Sobolev inequality (see also [19]).
Here we prove ﬁrst, using moving planes techniques, that all the solutions of (1.1)
(and infact of the more general Euler equation associated to (1.2)) are cylindrically
symmetric. Thanks to these symmetries, (1.1) reduces to an elliptic equation in the
positive cone in R2 which eventually leads to a complete identiﬁcation of all the
solutions of (1.1):
Theorem 1.1. Let u0 be the function given by
u0(x) = u0(y, z) = cn,k
(
(1 + |y|)2 + |z|2
)− n−22
,
where cn,k = {(n− 2)(k − 1)} n−22 . Then u is a solution of (1.1) if and only if u(y, z) =

n−2
2 u0(y, z + z0) for some  > 0 and z0 ∈ Rn−k .
The identiﬁcation of the solutions of the elliptic equation on the positive cone is
based on a mysterious identity which goes back to the work of Jerison and Lee [13]
on the CR-Yamabe problem. More precisely, it is related to the identiﬁcation of the
extremals for the Sobolev inequality on the Heisenberg group [14].
Actually, we follow closely the approach by Garofalo–Vassilev [8] in the search of
entire solutions of Yamabe-type equations on more general groups of Heisenberg type.
However, a peculiar difﬁculty here is that the solutions of our equation are not smooth,
and then appropriate estimates up to second-order derivatives have to be obtained
directly.
We also remark that, while symmetry properties and required estimates hold true for
the Euler equation associated to more general inequalities (1.2), we did not succeeded
in getting an efﬁcient Jerison–Lee type identity in the general case, and this is why
a classiﬁcation of solutions is missing if, in (1.2), s = 1. Similar difﬁculties are
encountered in dealing with Grushin type operators: −x − ( + 1)2|x|2y, (x, y) ∈
Rm × Rk with critical nonlinearity (see [4] for a related sharp Sobolev inequality and
identiﬁcation of extremals in case  = 1).
As noticed in [18], the Heisenberg sublaplacian is in fact a Grushin operator with
 = 1, m an even integer and k = 1 (the work of Garofalo–Vassiliev actually deals
with more general values of m and k) and identiﬁcation of solutions is available only
in case  = 1.
As a simple consequence of the above theorem, we have
Theorem 1.2. Let s = 1. Then the best constant S in the Hardy–Sobolev inequality




















(n − 2)(k − 1).
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Having known all the positive solutions of (1.1), we postpone the expected classiﬁ-
cation of Palais Smale sequences of (1.1) and its applications to a forthcoming paper
[17].
2. Symmetry properties of solutions
In this section we establish, using the moving planes method [10,11], the symmetry
properties of solutions of the Euler equation associated to (1.2).





where Rn = Rk × Rn−k, k2, n3, t ∈ (0, 2), 2∗(t) = 2 n−t
n−2 and a point x ∈ Rn
is denoted as x = (y, z) ∈ Rk × Rn−k .
Theorem 2.1. If u is a solution of (2.1) then u is cylindrically symmetric:
(i) for any choice of z ∈ Rn−k , u(·, z) is symmetric decreasing in Rk;
(ii) there exists z0 ∈ Rn−k such that, for any choice of y ∈ Rk, y = 0, u(y, ·) is
symmetric decreasing about z0 in Rn−k .
Proof. Let us denote a point x ∈ Rn as x = (y, z) = (y1, . . . , yk, z1 . . . zn−k). First we
will show that u is symmetric decreasing in the y variable.
For  > 0 deﬁne
 = {(y, z) : y1 > } (2.2)
and for x ∈  denote by x its reﬂection with respect to the hyper plane y1 = , i.e.,
x = (2− y1, y2 . . . yk, z) = (y, z). Now let us deﬁne
u(x) := u(x), x ∈ , w := u − u. (2.3)
Notice that w is smooth away from the subspace {(2, 0 . . . 0, z) : z ∈ Rn−k}, w = 0
on , w ∈ D1,2(). We ﬁrst claim that w0 in  for  large enough. First,
since  > 0 ⇒ |y| < |y| in , w satisﬁes
−wA(x) w|y|t , (2.4)
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where





 (2∗(t) − 1) [max{u(x), u(x)}]2∗(t)−2 , 2∗(t) − 2 = 2 2 − t
n − 2 . (2.5)

























where we have set s := nt
n−2+t ∈ (0, 2), so that 2
∗(s)
2 = nn−2+t is the exponent conjugate




































and the right-hand side goes to zero as  goes to inﬁnity. Hence it follows from (2.6)
that for  large enough w− = 0 and hence uu. Now, let
A = { > 0 : u′u in ′ for all ′ > }, 0 := inf A.
We will show that 0 = 0.
Assume that 0 > 0. Deﬁne w0 = u0 − u. Then w00 and satisﬁes −w00
in 0 and away from the (n − k) dimensional subspace y = (20, 0 . . . 0). Hence in






















Let us consider the set
K = {x = (y, z) : 0 + 0y120 − 0 or y120 + 0} ∩ {x = (y, z) : |x|R}.
Then K is compact and w0 > 0 in K .
Choose 0 < 1 < 0 such that u0−−u > 0 in K for all 0 <  < 1. Let 1 = 0−
with 0 <  < 1.
We claim that when ε is small enough u1u in 1 , which contradicts the deﬁnition
of 0 and hence 0 = 0. Now to see this, we deﬁne w1 = u1 − u and we proceed as



































n−2 < ε. (2.11)
Eqs. (2.10) and (2.11) together implies that for ε small enough w−1 = 0 and this
completes the proof. Hence 0 = 0 and consequently
u(−y1, . . . , yk, z)u(y1, . . . , yk, z)
for all y1 > 0.
Doing the same arguments for v(y, z) = u(−y1, y2, . . . , yk, z) leads to u(−y1, . . . ,
yk, z)u(y1, . . . , yk, z) for y1 > 0 and hence
u(−y1, . . . , yk, z) = u(y1, . . . , yk, z) in Rn.
Now the symmetry in the y variable follows as one can do the moving plane argument
in any direction in the y plane instead of the y1 direction.
Next we will prove the symmetry in the z direction.
Let , x and u be as deﬁned in (2.2) and (2.3) with z1 in place of y1 and this
time for all  ∈ R.
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Now, exactly as in the previous case, one gets the existence of a 1 > 0 such
that uu in  for all 1. The same arguments applied to v(y, z1, . . . , zn−k) =
u(y,−z1, . . . , zn−k) yields the existence of 2 < 0 such that uu in  for all
2.
Now, let A = { ∈ R : u′u in ′ for all ′ > }. Then A is nonempty and
bounded below, let 0 = inf A. We claim that u0 = u in 0 .












= A(x)w0|y|t , (2.12)
where A satisﬁes estimate (2.5).
Since 0 \ {(0, y) : y ∈ Rn−k} is connected, by strong maximum principle either
w0 ≡ 0 or w0 > 0. If the second case happens we can argue as in the previous case
(where we showed 0 > 0 ⇒ 0 is not the inﬁmum), to get a contradiction. Hence
w0 = 0 and therefore u is symmetric decreasing in the z1 direction with respect to
z01 = 0.
Similarly, one can show that u is symmetric decreasing in the zi direction with
respect to some z0i for i = 1, . . . , n − k.
Now, it is easy to show that u(y, .) is symmetric decreasing with respect to z0 =
(z01, . . . , z
0
n−k) for all y = 0. This completes the proof of Theorem 2.1. 
3. A priori estimates and regularity
In this section we establish the a priori estimates required to prove Theorem 1.1.
Lemma 3.1. Let u be a solutions of (2.1). Then
∃c2 > c1 > 0 : c11 + |x|n−2 u(x)
c2
1 + |x|n−2 ∀x ∈ R
n.
First we prove a lemma which is the key in obtaining estimates on u and its z
derivatives.
Lemma 3.2. Let t ∈ (0, 2), f, g ∈ Lploc(Rn) for some p > n2−t . Let u ∈ H 1loc(Rn)
satisfy
−u = f (x)u|y|t +
g(x)
|y|t . (3.1)
Then u is locally bounded in Rn.
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Proof. We prove the result using the well known Moser iteration scheme (see [12]).
To start with let us deﬁne the test function to be used.
Fix R > 0 and let R < ri+1 < ri < 2R, and  be a smooth cut off function satisfying
01,  = 1 in B(0, ri+1),  = 0 outside B(0, ri) and |∇|C(ri − ri+1)−1 for
some constant C independent of ri+1 and ri .
Deﬁne u = u+ + 1 and, for m > 0, let
um =
{
u if u < m,
1 + m if um. (3.2)
Now for 0 deﬁne the test function v = v as
v = 2(u2m u − 1).

























(u2m u − 1)∇u.∇. (3.4)
Observe that in the support of the integrand of the ﬁrst integral, ∇u = ∇u and in the
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∀ε > 0. (3.8)
The Hardy–Sobolev inequality (1.2) with s = nt
n−2+t ,
2∗(s)





















where C and  are constants depending only on n, q and t .
Note that ‖f + g‖Lp(B(0,2R))C, where C depends only on R. Hence by choosing
ε suitably in (3.9) and from (3.3), (3.6) and (3.7), we get
∫
Rn







where C and  depends only on R,p and n.
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Substituting w, using umu and setting 




















































provided the right-hand side is ﬁnite.
We prove our lemma by iterating the above relation. For i = 0, 1, 2, . . . , deﬁne

i = 2i and ri = R + R2i . Then 
i = 
i+1, ri − ri+1 = R2i+1 and hence from (3.13),
with 
 = 



















, i = 0, 1, 2 . . . , (3.14)



















, i = 0, 1, 2, . . . . (3.15)










Hence u+ is bounded in B(0, R). Applying the same argument to −u instead of
u we get the boundedness of u− and hence u is locally bounded. This proves the
lemma. 
Proof of Lemma 3.1. To show that u is locally bounded it is enough to show, in
view of Lemma 3.2, that u ∈ Lploc(Rn) for some p > 2nn−2 . To prove this additional
integrability of u let us multiply Eq. (2.1) by v = 2(min{u+,m}) 2−tn−2 u+. Then from
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< S8(1+2) , where S is the constant
appearing in (1.2) with, instead of t, s := nt





































































where C is a constant depending on , ri and ri+1. Now using the Sobolev inequality




















and the right-hand side is ﬁnite thanks to (1.2). This shows the required integrability
and hence u is locally bounded. Also, since u is radially decreasing in y and z, we get
0 < c1u(x)c2, ∀|x|1.
Finally, the bounds at inﬁnity follow from the fact that if u is a solution of (2.1)
then its Kelvin transform v(x) = |x|2−nu(|x|−2x) also solves (2.1).
As a consequence of Lemma 3.1 and standard elliptic regularity, we see that any
solution of (2.1) is Holder continuous if t < 2k
n
(compare with Lemma 2.2 in [2]). A
more precise result is the following
Lemma 3.3. Let u be a solution of (2.1). Assume
t < 1 + k
n
if n4 and t < 3
2
if n = 3
Then u is C∞ in the z variable while, in the y variable, it is C1, ∀ < 1 − t if t < 1
and C0, ∀ < 2 − t if 1 t < 2.
G. Mancini et al. / J. Differential Equations 224 (2006) 258–276 269
Proof. First we show the (local) boundedness of the z derivatives of u. Note that
from (2.1) and standard elliptic estimates u ∈ W 2,ploc (Rn) for all p < kt . Therefore
uzi ∈ W 1,ploc (Rn) for all p < kt and it satisﬁes
−uzi =





|y|t uzi . (3.21)
In order to prove uzi is locally bounded, it is enough to prove, in view of Lemma 3.2,
that uzi ∈ W 1,2loc (Rn). This clearly happens if t < 1.
If t = 1, from Hardy–Sobolev (see [3]) we see that uzi|y| ∈ Lploc(Rn) ∀p < k and




n) ∀p < k and
hence uzi ∈ W 1,2loc .
So, let t ∈ (1, 2). As above, uzi ∈ W 1,ploc (Rn) ∀p < kt ⇒
uzi|y| ∈ Lploc(Rn) ∀p < kt .
Since 1|y|t−1 ∈ L
q
loc ∀q < kt−1 and max{ pqp+q : p < kt , q < kt−1 } = k2t−1 > 1 if
k3, and also if k = 2 by the assumptions, we get by Holder inequality uzi|y|t ∈
Lrloc ∀r < k2t−1 and hence uzi ∈ W
1, nr
n−r
loc ∀r < k2t−1 , i.e. uzi ∈ W 1,ploc ∀p < 11− kt




)− 1 is a positive number, by the assumptions. Iterating, one ﬁnds
uzi ∈ W 1,ploc ∀p < 11−2 kt , and so on. Thus uzi ∈ W 1,2loc . Similar arguments proves the
local boundedness of uzi , uzizj , uzizj zk , . . . .
To prove holder continuity in the y variable, let us deﬁne v(y) = u(y, z) for y ∈ Rk .
Then from the local bounds on u and its z derivatives, we get v ∈ Lploc(Rk) locally
uniformly in z, for all p < k
t
. Hence v ∈ W 2,ploc (Rk) for all p < kt and thus, by Sobolev
imbedding, v ∈ C1, ∀ < 1 − t if t < 1 while v ∈ C0, ∀ < 2 − t if 1 t < 2. This
ends the proof of the lemma.
We know from Theorem 2.1 that u can be written, up to a translation in the z
variable, as
u(y, z) = 	(|y|, |z|), (3.22)
where 	(r, s) : R+ × R+ → R+. By the above lemma, we have in particular
|	(r, s)| + |	s(r, s)| + |	ss(r, s)|C for all |(r, s)|R (3.23)
for some constant depending only on R.
4. Classiﬁcation of solutions
In this section we establish our main results. First we will recall and outline the
proof of an identity due to Jerison and Lee [8,13,14].
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Let u be a solution of (1.1), then from the symmetry properties established in The-
orem 2.1, there exists 	(r, s), (r, s) ∈ R+ × R+ such that up to a translation in the z









Then from the equation 	 satisﬁes, we get
+ k − 1
r
r +







+ n − 2
2r
(4.2)
Let us also deﬁne for r > 0, and s > 0








− n − 2
(k − 1)rr , (4.3)





(k − 1)rs , (4.4)
h(r, s) = rk−1sn−k−1−(n−1) (4.5)
and X be the vector ﬁeld
X = (hF, hG). (4.6)
With these deﬁnitions we can state our Jerison–Lee identity as



































, Y := X − n − 2
k − 1Z.
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2 + k − 1
r





where  =  − n2 |∇|
2





























+ (2k − n)r
r2
+ 2(n − k − 1)s
rs




Again by direct calculation
n − 2











Now (4.7) follows by adding (4.9) and (4.10).
To put at work the Jerison–Lee identity, we need more estimates on our solution
written in cylindrical coordinates:
Lemma 4.2. Let u be a solution of (1.1) and 	 be as in (3.22). Then there exists a















1 + (r2 + s2) n2
)
|∇2	(r, s)|C.
Proof. Let as above v(y) = u(y, z) for y ∈ Rk . We know that v ∈ Cloc(Rk) for all  ∈
(0, 1). Hence |y||∇v(y)| → 0 as |y| → 0 for all  > 0. Hence
|r	r (r, s)| → 0 for all  > 0. (4.11)
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Now from (1.1), 	 satisﬁes the equation






− f (r, s), (4.12)
where f (r, s) is the Laplacian in the z variable, which we know is locally bounded.
Multiplying (4.12) by rk−1 and integrating using (4.11) leads to










tk−1f (t, s). (4.13)
and the latter is bounded. This together with (3.23) gives
|∇	(r, s)|C for all |(r, s)|R. (4.14)
An integration by parts in (4.13) gives
	r = − 	
n
n−2





























tk−1f (t, s) (4.16)
and the latter is locally bounded. Plugging back this information in (4.12) gives the
local boundedness of 	rr . The local boundedness of 	rs follows similarly by integrating
the o.d.e uzi satisﬁes in the variable r. Thus we have
‖	(r, s)‖C2C for all |(r, s)|R. (4.17)
Now to prove the bounds at inﬁnity, let us observe that if u is a solution of (1.1) then
v(x) = |x|2−nu(|x|−2x) also solves (1.1). So, (r, s) := (r2 +s2) 2−n2 	((r2 +s2)−1(r, s))
is locally bounded in C2. This immediately proves (i) of Lemma 4.2 once we note
that  and 	 are bounded below by positive constants locally as they are decreasing in
both variables. Also by direct computation
|∇	(r, s)|(r2 + s2)−n2 |∇((r2 + s2)−1(r, s))| + (n − 2)(r2 + s2)−12 	(r, s). (4.18)
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This together with (i) of Lemma 4.2 proves (ii). Again by direct calculation
|∇2	(r, s)|  (r2 + s2)−(n+2)2 |∇2((r2 + s2)−1(r, s))|
+C(r2 + s2)−12 |∇	(r, s)| + C(r2 + s2)−1	(r, s). (4.19)
This together with (i) and (ii) proves (iii) and hence the lemma. 
Proof of Theorem 1.1. Let 0 < ε < R and deﬁne
ε,R =
{
(r, s) : s > 0, r > ε, r2 + s2 < R2
}
.







where  is the outward normal to ε,R and dH1 is the surface measure on the
boundary.
Now the boundary integral can be split as
∫
ε,R













where 1 = ε,R ∩ {s = 0}, 2 = ε,R ∩ {r = ε} and 3 = ε,R ∩ {r2 + s2 = R2}.
Now note that since our original solution u is smooth away from {|y| = 0}, 	s , 	rs and


















It follows from Lemma 4.2 that  is locally bounded in C2 and for r2 + s2 > 1,
1
C
(r2+s2)(r, s)C(r2+s2), |∇(r, s)|C(r2+s2) 12 and |∇2(r, s)|C, for some
positive constant C. Hence F and G are locally bounded and |F(r, s)|C(r2 + s2) 12
and |G(r, s)|C(r2 + s2) 12 for r2 + s2 > 1, and for some positive constant C. Using
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where C is independent of both R and ε. Now passing to the limit as R → ∞ and
then ε → 0 we get ∫R+×R+ divX = 0. Note from the right-hand side of (4.7) that
divX0, and hence divX = 0 in R+ × R+ and thus from (4.7), we obtain






It follows from (4.20) that
rr = ss and rs = 0.
This immediately tells us that all third-order derivatives of  vanishes and hence 
can be written as
(r, s) = a0 + a1r + a2s + a3rs + a4r2 + a5s2.
Recall that s(r, 0) = 0 and this gives,
a2 = a3 = 0. (4.22)
Since rr = ss , a4 = a5. Also from (4.21) and the fact that  is not a constant, we
can write
a4 = a5 = m, m > 0. (4.23)
Now from (4.2) and (4.21),  satisﬁes
n − 2
2
+ n − 2
2r
= (k − 1)r
r
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Now (4.22), (4.23), (4.25) and (4.26) together gives
(r, s) = m
{(






Writing m = n−24(k−1),  > 0, we get









u(y, z) =  n−22 u0(x, y),
where u0 is as in Theorem 1.1. Conversely by direct calculation one can see that the
function u(y, z) =  n−22 u0(x, y+z0), indeed solve (1.1) for any  > 0 and z0 ∈ Rn−k .
This completes the proof of Theorem 1.1. 

















(1 + r)2 + s2)n−1 ,
where k−1 and n−k−1 are the surface measure of the k−1 and n−k−1 dimensional


















(n + k − 3)!
(









Substituting k−1 and n−k−1 will give the value of S. 
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